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This talk is about the few-body problems by the 
three-body Faddeev equations in 50-years.  
 
1) Applied to hadron physics, Nuclear physics, 

atomic physics, 
2) from three-body to A-body problems 
3) the nuclear potentials check 
4) Three-body force estimation 
5) Relativistic extension 
6) Applied for fundamental problems  
7) Calculation methods & analysis of Exp.data. 
8) Long range Coulomb problem has been 

investigated. 



 
INTRODUCTION 
 
Benefits of the three-body Faddeev equations: 
1) Describe: 
        Full Born series by the integral equation 
                             >  perturbation, etc. 
        Full kinematics  > pick-up, knock-on,    
                 stripping,  heavy particle stripping 
              (with the large momentum transfer) , etc. 
Therefore, the Faddeev approach is a opposite 
end of the recoilless interaction in the many-body 
system 
 (where the particle's creation and annihilation or      
   particle and hole creation operators are used.)  



             Contain full interactions  
         ( two-body amplitude, 3BF amplitude) 
                    > two-body potential, 3BF-potential 
 
2) Extension (generalization) : 
     Three-body    A-body  
    ( automatic,  
      but the increase of numerical burden and the   
      progress of hardware are always put in the  
      balance. ) 
 
3) Reduction: 
      Three-body  Two-body 
     ( the multi-channel  Lippmann-Schwinger  
             equations below the break up  threshold )  



      The cluster formation depends on the threshold    
      energy: 
      (the multi-channel few-body Faddeev equations  
        with the few-cluster force are constructed) 
 
 4) Recent development : 
 
     a) Research of the threshold behavior  
          by the Faddeev’s approach makes an offer  
          a new frontier.  
     b) The Coulomb interaction is now treated  
          in the Faddeev equations. 
 
 
 
  



1. Three-body Faddeev equation 



1. L.D. Faddeev,  
     Soviet Phys.-JETP 12 (1961) 1014; Soviet   
     Phys. Dokl. 6 (1961)384; ibid. 7 {1963) 600. 
2.  L. D. Faddeev,  
     Mathematical aspects of the three-body   
     problem in the quantum scattering theory.  
     (Israel Program for Scientific Translation,    
      Jerusalem, 1965, 
      distributed by Oldbourne Press, London.) 
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The experimental data:  
 
1) K. Ermisch, H. R. Amir-Ahmadi, A. M. van den Berg,    
     R.Castelijns, B.Davids et al, Phys. Rev. C 71, 064004 (2005) . 
 
2)K. Sekiguchi, H.Sakai, H.Wital, W. Glockle, J.Golak, M. Hatano, 

H.Kamada, H.Kato, Y. Maeda and J. Nishikawa et al, 
 
     Phys. Rev C 65,034003 (2002) 

 



       2.     A Generalization  
 
(Multi-channel 3-body Faddeev equations) 
Extension (or generalization) : 
                Three-body    A-body  
This is an automatic way, but the increase 
of numerical burden and the  progress of 
hardware are always put in the balance. 
S. Oryu, S. Nemoto and P. U. Sauer,  
    Innovative Computational Methods in Nuclear Many-Body 
Problems, edited by H. Horiuchi, M. Kamimura, H. Toki, Y. 
Fujiwara, M. Matsuo and Y. Sakuragi, World Scientific, (1998), 38. 



To the realistic nucleus:     A-body problems 
1) 4-, 5- ….A-body Faddeev equations 
2) Multi-channel 3-cluster Faddeev equations 
The four- and many-body effects could be treated    
  by the name of 3BF in the 3-cluster system. 
 
 Cluster formation techniques are on the market  
 by the well known technique: 
 (1) the resonationg group (RGM) technique, 
 (2) the orthogonal condition model (OCM),  
 (3) the anti-symmetric molecular dynamics (AMD),  
 (4) Jacobi-coordinate anti-symmetric molecular    
       dynamics (JAMD),  etc.  
 
 



Ikeda-diagram 
by alpha model 
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Multi-channel 3-body Faddeev equations: 
Three cluster separation method  
      for A-body system:       M=3 
System-channel number, or multiplicity 
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S. Oryu, S. Nemoto and P. U. Sauer,  
    Innovative Computational Methods in Nuclear Many-Body Problems, edited by H. 
Horiuchi, M. Kamimura, H. Toki, Y. Fujiwara, M. Matsuo and Y. Sakuragi, World 
Scientific, (1998), 38. 









Multi-Channel 3-Body Faddeev Equations(MC3F)  
 Merit: 
1) directly connect to the 3-body Faddeev equations. 
2) Multiplicity is only mixed with the two-body 

propagators and without double counting. 
3) Time and memory saving for one program run. 
Demerit: 
1)  Burden for the preparation of the inter-cluster 

interactions. 
2) Numerical burden between A-body equations with 
      nuclear potential and MC3F with inter-cluster 

potentials is always put in the balance. 
Note: MTCC by Miyagawa et al. (1986) is similar to our MC3F, 

but the Born terms and the kernels may be different.  
 
 
K. Miyagawa, T. Ueda, T. Sawada and S. Takagi, Nucl. Phys. A459  (1986) 93. 
 



3) Reduction: 
      Three-body  Two-body 
 
the multi-channel  Lippmann-Schwinger 
(MLS) equations below the 3-body break 
up  threshold is constructed,  
where the 3-body Faddeev equations 
are analytically continued to the MLS 
equations. 
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In  the  Lovelace's  idea  in early1960s, the 2 -body Hamiltonian :
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3) A phenomenon at the 3-body     
    break up threshold :  E=0 
 
          The Efimov Effect 



Accumulated 
3-Body bound 
states 
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Recent development : 
 
Efimov effect (1970) is experimentally 
found in atomic system by Kraemer et al. 
(2006). 

      V. Efimov, Phys. Lett. 33B 563~564 (1970) .  
Energy levels arising from resonant two-body forces in a 
three-body system, 
          
      Kraemer, T. et al. Nature 440  315-318 (2006) 
Evidence for Efimov quantum states in an ultracold gas of 
caesium atoms, 



4) In a fourth difference from the 
original Faddeev,  

 
a phenomenon below the 3-body threshold 

emerges as a long range NN’   
   (or [N-(Nπ)] )  in the 3-body NNπ system. 

S. Oryu, Phys. Rev. C86. 044001-1-10 (2012);  
    ibid. Few-Body Syst. 54, 1-4, 283-286 (2013). 
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Efimov case ! 
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The two-body potential reduction has the 
energy dependence. 
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Numerical calculation by Schroedinger equation: 

Our analytic prediction fits to the numerical solution. 

MeV fm 



     Calculated Results 
 
For πD, NN’ scattering lengths 

Y. Hiratsuka, S. Oryu, and T. Watanabe,  
    Proc. Of the 6th APFB Conf. Adelaide 2014). 



Scattering length [fm] 
Our cal. By original Faddeev  

(type A-potential; P33 
resonance) 

 0.033 

Our cal. By original Faddeev 
(type B-pot.; S11, P11, P33 

resonance 
    P11 bound state) 

−0.019     +0.019i 

E2Q (type B-pot.; S11, P11, P33 
resonance 

    P11 bound state) 
−0.023      +0.019i 

EXP 

 
−0.038      +0.009i 
−0.038      +0.008i  

       

πD scattering length by our calculation using 
original Faddeev & E2Q  

P. Hauser et al., Phys. Rev. C58, R1869 (1998); 
D. Chatellard et al., Nucl.  Phys. A625, 855 (1997). 

2E Q

Faddeev

Faddeev

プレゼンター
プレゼンテーションのノート
Next, we show the pD scattering length.
In the first line, we show the result by using type A and Faddeev diagram~.
By using the E2Q, our result approaches EXP more.




Scattering length [fm] 
Our cal. by Faddeev NN’ 

(type A-pot.) 
0.280 

 
Our cal.by Faddeev NN’ 

(type B-pot.; S11, P11 
resonance 

         P11 bound state) 

 
2.85 

 

Our cal. by E2Q  NN’ 
(type B; S11, P11 resonance 

            P11 bound state) 

 
4.66 

 
EXP: for NN 5.419±0.007 

neutron-proton triplet scattering length by  
Our cal. original Faddeev, & by E2Q 

T. L. Houk, PRC3, 1886 (1971); W. Dilg, PRC11,103 (1975); 
S. Klarsfeld et al., JPG10, 165 (1984) 

プレゼンター
プレゼンテーションのノート
E2Qポテンシャルには，グリーン関数があり，虚数が含まれる。
現実のポテンシャルに対応させるために絶対値をとる。
2体ポテンシャルは実数のみ。
npの実験、論文→CDBonnの論文から孫引き
Next, we show the np scattering length.
In the first line, we show the result by using the type A pN potential.
In the second line, 
The result in the first and second line is calculated by using this Faddeev diagram.
In the third line,
By using the E2Q, the result approaches EXP more.
However, our result does not match the EXP perfectly.
When compared type A and type B, the scattering length is changed largely.
Therefore. we guess that the np scattering length is sensitive to pN,
and there is a possibility of other type of pN being.





Below the three-body break up threshold in NNπ 
system :     N+(Nπ） or   N+N’ 
 
Kinematical possibility is added below the three-
body break up threshold, 
because the nucleon variables are changed by 
the pion mass absorption. 
 



Proton-proton  phase shift 



7

28

π

N

7 6N

Li

28 24α

Si
28 28 32

1) Are there interactions?
m ≈ 0.145 N+(N,π) scattering
M
M 1≈ = 0.143 Li+ ( Li,n) scattering
M 7
M 1≈ = 0.143 Si+( Mg,α) scattering

M 7

Si+( Si,α), S scatt

long range  cluster

erings
2)  Are ther

- clus

e  

ter

neuclear E2Q energy levels
unstable

?
3) Are  there  long  range  effects  in  ?
4) Are  there  long  range  eff

nucleus
neutron ricects  in  h nucleus?

The future aspects 



 4) Recent development : 
 
a) Research of the threshold behavior  
    by the Faddeev’s approach makes   
    an offer  a new frontier.   
b) The Coulomb interaction is now  
    treated in the Faddeev equations. 

S. Oryu, Phys. Rev. C73, 054001 (2006), 
      ibid, C76, 069901 (2007). 
S. Oryu, Y. Hiratsuka, S. Nishinohara, S. Chiba, 
     J. Phys. G: Nucl. Part. Phys. 39  045101 (2012); 
      ibid.  Phys. Rev. C75, 021001 (2007). 



Coulomb phase shift

0 0( ) 0kσ =
mink
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Universal variables: 
If  we define the universal variables, then 
The Coulomb phase shifts of all the systems 
from e--e- to heavy ion systems are 
automatically obtained. 
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Lemma
V V Vφ =

We  conclude  that  the  screened  Coulomb  potential  with  the  unique 
range satisfies the because,  let  us  define the auxiliary potential
                    
And  for  the  potential
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the  total  amplitude is  given  by  the  two -potential  theory,
      
with

Therefore t e Mh ller ,
RV

ϖ ω operators are the half - off - shell  functions
 satisfies  the ha

.   
The Schroedinger equation for 

 and on shell phase shift.   Therefore,  th
lf - off - shell wave 

function  fully  off - shell  
solut

e 
ion ( , '; )A T p p E of  Eq.( ) : is  exactly obtained.



1) The generalization of the Faddeev equations offers 
for the neuclear reaction analysis.

2) Below the break up reaction,
a new tool 

a uniqu the E2Q  is 
    in the few

e me
-bod

t
y problems

)

o

3

h
.

d

Conclusion

 From the E2Q, the long range interaction appears, where
    the Yukawa potential and the long range potential  play
    .   Therefore, E2Q may open the 
    pico siz

complementary role
e science.

4) T

s

he s
a discrete ban

creening range of the Coulomb potential is a unique
    and .

We  obtain  the    nuclear plus  Coulo
d

f mbully  off amplitude- shell .
    



Thank you very much for your attention. 
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