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A data set of gamma-ray buildup factors for point isotropic sources has been generated by the method of
invariant embedding. Specific features of the data set as compared with the ANSI/ANS-6.4.3 standard
published by the American Nuclear Society are 1) the data corresponding to effective dose with AP and ISO
irradiation geometries, and ambient dose equivalents are added, 2) the distance from the source is extended up
to 100 mean free paths (mfp) from 40 mfp in the ANS data, 3) the method of invariant embedding and the
photon cross section PHOTX are used consistently for all materials, and 4) treatment of bremsstrahlung is
improved by using the bremsstrahlung production data calculated by the EGS4 code. The accuracy of the
transport calculations for exposure buildup factors by the IE method was evaluated quantitatively by works
including 1) comparison of buildup factors with those obtained by the moments method in the ANS data, 2)
comparison of the buildup factors with those obtained by the EGS4 code, and 3) self evaluation of influence
of mesh width in space, energy and angle in the numerical solution of transport equation by the IE method. It
is concluded that the magnitude of error in the present data is estimated about 10% or less up to 40 mfp.
Keywords: standard data; gamma-ray buildup factors; point isotropic sources; invariant embedding
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1. Introduction 1
A data set of gamma-ray buildup factors for point
isotropic sources in infinite homogeneous media has
been generated by the method of invariant embedding
(IE method). The data set has been evaluated by the
working group on gamma-ray buildup factors of the
subcommittee on radiation shielding, and prepared as the
standard data in the Atomic Energy Society of Japan.
In the following sections, the IE method and quantitative
estimations of error in numerical solutions will be
described in more detail. The improved treatment of
bremsstrahlung is given by Sakamoto et. al. [1]

2. Extension from ANS data
Specific features of the data set as extended from the
ANSI/ANS-6.4.3 standard published by the American
Nuclear Society (ANS data) [2] are 1) rubidium and
bismuth are added to 26 engineering materials in the
ANS data, 2) the data corresponding to effective dose
with AP and ISO irradiation geometries, and ambient
dose equivalents are added to those corresponding to
exposure and energy absorption in the ANS data, 3) the
distance from the source is extended up to 100 mean free
*Corresponding author. Email: ashi1041@fancy.ocn.ne.jp
© 2014 Atomic Energy Society of Japan. All rights reserved.

paths (mfp) from 40 mfp in the ANS data, 4) the IE
method and the photon cross section database PHOTX
[3] are used consistently for all materials and source
energies, and 5) treatment of bremsstrahlung is
improved by using the bremsstrahlung production data
calculated by the EGS4 code, and 6) quantitative
estimations of error in numerical solutions obtained by
the IE method are made.

3. Invariant embedding method
3.1. Introduction
The method of invariant embedding (IE method) was
first introduced by Ambaruzumian (1934) and
Chndrasekhar (1950) in the field of astrophysics to solve
the problem of diffuse reflection of light by a stellar
atmosphere. The method was further generalized by
Bellman and Kalaba (1956) in the field of
mathematical physics. Bellman named the method as
“invariant embedding”. The Method was further
extended by Shimizu and Mizuta (1966) to transport
problems of gamma-ray dependent with energy and
angle.
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3.2. Outline of the IE method

~
E
1
 0 0 dE 0 d C ( E ,  E ,  )T ( E ,   E0 ,  0 ; X ) (1)

3.2.1 Calculation of reflection function
A reflection function for a semi-infinite homogeneous
slab R ( E ,  E0 ,0 ; ) is defined as an expected current

where,

density of photons per unit area back scattered by the
semi-infinite slab with energy E in the direction  due
to photons of the unit current density per unit area
incident uniformly upon the surface of the slab with
energy E0 in the direction 0 . It is assumed that the
incident photons have a rotational symmetry with
respect to the x-direction perpendicular to the surface of
the slab and the direction of photons is specified by the
cosine of the angle between the photon direction and the
x-direction. The equation of the reflection function
was derived according to the principle of invariance
stating that the reflection function of the semi-infinite
homogeneous slab is invariant against an addition of a
slab with the same composition as the semi-infinite slab
[4]. Since the function is free from spatial variable, the
equation can be solved more easily than the Boltzmann
equation.

and ( E ) is the macroscopic total cross section of the
medium, and  s ( E0 , 0  E ,  ) is the differential
cross section for scattering from energy E0 to E and
from the direction 0 to  . The functional equation
can also be derived [3], given by
~
T ( E ,  E0 , 0 ; X  X )
~
~
E0
1
 0 dE 0 d T ( E ,  E ,  ; X )T ( E ,   E0 ,  0 ; X ) （3）

3.2.2 Calculation of modified transmission function
Suppose we have a plane source located on the
surface of the semi-infinite homogeneous slab and that a
homogeneous slab of thickness X with the composition
same as the semi-infinite slab is placed in front of the
plane source as shown in Figure 1.
plane source
source
photon

E 0 , 0

tra nsmitted
photon

~
T ( E , E 0,

0

; X )

semi-infinite slab
slab with thickness X
Figure 1. Configuration in defining the modified transmission
function.

A modified transmission function of the slab with
~
thickness X , T ( E ,  E0 , 0 ; X ) , is defined as the current
density of photons per unit area emerging from the front
surface of the slab of the thickness X with energy E
in the direction  due to the unit current density of
photons per unit area emitted from the plane source with
energy E0 in the forward direction 0 (0  0) .
The equation of the modified transmission function
can be derived by considering how it changes with a
change
of the slab thickness by an infinitesimal amount dX [3],
given by

d ~
(E ) ~
T ( E , E 0 , 0 ; X )  
T ( E , E 0 , 0 ; X )
dX


C (E ,  E0 , 0 ) 

1

 (E ,  E, )
0 s 0 0
E0
1
 0 dE  0d R ( E ,  E ,  ;  ) s (E 0 ,  0  E ,  ) (2)

3.2.3 Specific feature of IE method
The specific features of the IE method as compared
with the methods to solve the Boltzmann equation
(Boltzmann approach) are as follows :
(1) In the Boltzmann approach, photon flux at all
points (practically at a finite number of points) in the
slab should be computed simultaneously subject to the
boundary conditions given at both slab boundaries
(boundary value problem), whereas the transmission
function for increasing thickness can be computed
successively in the IE method (initial value problem).
Initial value problems require less memory and time in
computer than boundary value problems.
(2) Since the attenuation of photons with energy E in
the direction  without any collision with the material
is given as exp(( E ) X /  ) , a spatial mesh width
X   / ( E ) is required in the spatial integration of
Eq.1.
The
required
width
is
given
as
X   /(( E ) / ( E0 )) in terms of the mean free path
of photons with the source energy E0 . The required
width becomes very small, when the photon direction
 approaches 0, and the factor ( E ) / ( E0 ) becomes
large for high-Z materials at low energy E . The same
problem of very small spatial mesh width is met in the
Boltzmann approach for photons as well.
The problem is overcome by the IE method. A very
small initial mesh X ,i.e., X =1/512 mfp for low-Z
materials, and X =1/2048 for high-Z materials, is
chosen. The Runge-Kutta method is used to the spatial
integration of Eq.(1) by the initial mesh X . Solutions
for extended thicknesses are obtained successively by
use of the functional equation (3). An extension to a slab
of large thickness, i.e., X =100 mfp, is easy. An error in
solutions due to the spatial integration is confirmed
negligibly small (see the subsection 4.4.1).
3.2.4 Calculation of buildup factors
Calculations of buildup factors of gamma-rays were
made by Shimizu et. al. [5-7] by the IE method. The
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following corrections were made in addition to
calculations of the reflection and the modified
transmission functions :
(1) The unit current density of source photons emitted
with energy E0 to the backward direction 0 from the
plane source is equivalent to R ( E ,  E0 , 0 ; ) emitted
to the forward direction from the plane source.
(2) A semi-infinite homogeneous medium should be
added in front of the surface of the slab of thickness X
in Fig.1 to make an infinite homogeneous medium
where the buildup factors are defined. A correction with
the effect of the semi-infinite medium placed in front of
the slab upon the current density of transmitted photons
can be made by using the reflection function
R ( E ,  E0 ,0 ; ) of the semi-infinite medium.
(3) A conversion of photon flux for a plane isotropic
source in the infinite homogeneous medium  pl ( E , X )
to the corresponding photon flux for a point isotropic
source  pt ( E , X ) can be made by the equation
1 d pl
 pt ( E , X )  
 ( E, X )
(4)
2X dX

4. Evaluation of error in numerical solutions
4.1. Introduction

An extensive work has been made to evaluate the
magnitude of error in buildup factors obtained by the IE
method. It includes : 1) comparison with the ANS
standard data obtained by the moments method, 2)
comparison with EGS4 calculations, and 3) self
estimation of error in numerical solutions by analyzing
influence of mesh width in space, energy and angle on
buildup factors.
4.2. Comparison with the moments method

Gamma-ray buildup factors for 19 low-Z materials
including water, concrete and air in the ANS data were
generated by the moments method. The method has an
excellent feature that an accurate solution is obtainable
for the spatial moments, although a reconstruction of the
flux density from the spatial moments sometimes results
in spurious oscillation [2]. Extensive calculations of
exposure buildup factors for 19 low-Z materials and 25
source energies (475 cases) were made by the IE method
for comparison based on the cross section NBS29 [8].
As bremsstrahlung was ignored in moment calculation,
bremsstrahlung was ignored in IE calculation to make
condition the same. The result of comparison is as
follows : Both data coincide up to 40 mfp with
discrepancy less than 5% for 391 cases (82%) out of 475
cases, and with discrepancy less than 10% for 453 cases
(391+61 cases) (95%) . A discrepancy more than 10% is
observed for 22 cases (5%) including Be 0.02MeV and
others. Based on the self estimation of error in the IE
method described in the subsection 4.4, the discrepancy
in these 22 cases is found due to spurious oscillation in
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the moments method.
4.3. Comparison with EGS4 calculations

Exposure buildup factors were calculated by using
Monte Carlo code EGS4 by Hirayama for water, iron
and lead with the source energies 0.1, 1.0 and 10 MeV
[9]. Calculations for comparison were made by the IE
method with the same cross section and the
bremsstrahlung model as used in the EGS4 calculations.
The result of comparison is summarized in Table 1. It is
shown that buildup factors by both methods coincide
with a discrepancy of about 10% or less, except for a
discrepancy of 15% observed for lead with 10 MeV at
30-40 mfp.
Table 1. Ratio of exposure buildup factor obtained by EGS4 to
that obtained by IE method.
/X (mfp)
1
water 0.1 MeV 1.02
iron 0.1MeV
1.00
lead 0.1MeV
1.01
water 1 MeV
1.01
i ron 1 MeV
1.00
l ead 1 MeV
1.01
water 10 MeV 1.01
i ron 10 MeV
1.00
l ead 10 MeV
1.00
l ead-B* 10 MeV 1.01
* with bremsstrahlung

5
1.06
1.01
1.02
1.02
1.00
1.02
1.01
1.01
1.00
1.04

10
1.08
1.02
1.03
1.01
1.01
1.03
1.02
1.01
1.02
1.05

15
1.09
1.02
1.02
1.04
1.03
1.02
1.03
1.03
1.03
1.08

20
1.05
1.03
1.01
1.01
1.00
1.03
1.02
1.06
1.04
1.09

30
1.03
1.04
0.99
1.01
1.02
1.04
1.05
1.07
1.08
1.13

35
1.01
1.05
0.99
1.01
1.03
1.06
1.05
1.09
1.10
1.15

40
1.05
1.04
0.98
0.99
1.05
1.09
1.05
1.08
1.13
1.11

4.4. Self estimation of error in numerical solutions

4.4.1 Influence of spatial mesh width
According to the IE method, Eq. (1) is integrated
numerically at an initial spatial mesh width X by the
Lung-Kutta method. An error in the solution is estimated
to be between X 4 and X 5 . When an initial mesh
width is reduced to X / 2 , an error of the solution at
the thickness X , that is obtained by using the solution
at the initial thickness X / 2 and by using once the
functional equation (3), is estimated between
2(X / 2) 4 and 2(X / 2) 5 , taking the effect of the
functional equation (3) upon the error of the solution. It
is confirmed numerically for water at the source energy
of 1.0 MeV shown in Table 2.
It is indicated that an error of the solution is reduced
to about 1/10, when the initial mesh width is reduced to
1/2. The standard data of buildup factors are calculated
by the IE method with the initial mesh width of 1/512
mfp for low-Z materials, 1/2048 mfp for high-Z
materials, and 1/8192 mfp for calculations with
bremsstrahlung. The magnitude of error in the data is
confirmed less than 0.1% up to depth of 100 mfp
through check calculations with the initial mesh width
reduced to 1/2.

4.4.2 Influence of angular and energy mesh width
Numerical calculations of the standard buildup factors
were made by the IE method bases on the discrete
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Table 2. Influence of an initial mesh width upon buildup
factors obtained by IE method Water 1.0 MeV.
X/Δ
(mfp)
1
10
20
40
100

BF( Δ）/BF（Δmin） Δmin = 1/1024mfp
1/64 mfp
1/128 mfp 1/256 mfp 1/512 mfp
1.0967
1.2328
1.2458
1.2525
1.2560

1. 0119
1. 0324
1. 0344
1. 0355
1. 0360

1.0010
1.0030
1.0032
1.0033
1.0034

1.0000
1.0002
1.0002
1.0002
1.0002

ordinate approximation with 15 divisions of the angular
variable in the range 0    1 and the multi-group
approximation with 95 groups of energy in the range
between the source energy and a cutoff energy. Survey
calculations are performed to evaluate the magnitude of
error in buildup factors as functions of the number of
angular divisions and energy groups. We denote an
exposure buildup factor calculated with a number of
angular divisions G and a number of energy groups N
at a depth X by BF(G,N;X). It is found that BF(G,N;X)
tends to increase with G increasing. The ratio
BF(15,95;X)/BF(13,95;X) for water, iron and lead is
shown in Table 3.
Table 3. Ratio of buildup factor computed by 15 divisions to
that by 13 divisions in angle : BF(15,95;X)/BF(13,95;X)
X(mfp )
E0 (MeV )
0 .1
1 .0
1 0. 0
Iron
0 .1
1 .0
1 0. 0
Lead
0 .1
1 .0
1 0. 0
* con ditio n for ex trapo lation
M aterial
Water

10

40

1. 00 0
1 .0 03
1. 00 1
1 .0 07
1. 00 3
1 .0 06
1. 00 0
1 .0 02
1. 00 0
1 .0 02
1. 00 3
1 .0 06
1. 00 0
1 .0 00
1. 00 1
1 .0 04
1. 00 1
1 .0 07
is no t satisfied

1 00
1 .0 09
1 .0 18
( 1. 00 1)*
1 .0 06
1 .0 06
( 1. 00 0)*
1 .0 00
1 .0 11
1 .0 20

Table 4. Ratio of buildup factor computed by 95 groups to that
by 85 groups in energy : BF(15,95;X)/BF(15,85;X)

M aterial
Water

Iron

Lead

/X( mfp )
E0(MeV )
0.1
1.0
1 0. 0
0.1
1.0
1 0. 0
0.2
1.0
1 0. 0

1 0 .0

40 .0

10 0. 0

1. 00 0
0. 99 8
0. 99 9
1. 00 0
1. 00 0
0. 99 7
1. 00 0
1. 00 0
1. 00 2

0 .9 99
0 .9 95
0 .9 97
0 .9 97
0 .9 99
0 .9 97
0 .9 98
0 .9 95
1 .0 01

0.993
0.979
0.986
0.982
0.995
0.995
0.992
0.973
1.000

It is also found that buildup factors tend to decrease
with N increasing, as shown in Table 4.
According to the method of extrapolation introduced
by Shimizu [7], the upper limit of BF(G,N;X) when G
goes to  , and the lower limit of BF(G,N;X) when N
goes to  are obtainable. Based on the table 3 and 4,
these limits are given as :
at X=40 mfp, BF(  ,95;X)  1.03BF(15,95;X),
BF(15,  ;X)  0.95BF(15,95;X),
at X=100 mfp BF(  ,95;X)  1.07BF(15,95;X),
BF(15,  ;X)  0.80BF(15,95;X).

4.5. Conclusion

The magnitude of error in buildup factors obtained by
the IE method is about 10% or less up to the depth of 40
mfp, and will be about 20% or less up to depth of 100
mfp. The error due to the spatial integration is confirmed
negligible (less than 0.1%) up to depth of 100 mfp.
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